Using the Fröbenius method, we find high overtones of Dirac perturbations of the Schwarzschild black hole quasinormal spectrum. It is shown that at high overtones the quasinormal behavior is quite different from that for fields of integer spin. In particular, for Dirac perturbations the spacing for imaginary part of ωn approach an equidistant regime Im ωn+1 − Im ωn = i/8M , where M is the mass of the black hole. At higher overtones the real part of ω goes to zero. In addition, at lower overtones, we have found "specific modes" which have the imaginary part equal to i/8M for any multipole number. These modes are apparently "algebraically special" modes. The values for lower overtones found by Fröbenius technique are in excellent agreement with those obtained through the WKB formula.
Introduction
The Quasinormal Mode (QNM) spectrum is an important characteristic of a black hole. It dominates the late time response of a black hole to an external perturbation, and, at the same time, does not depend on the way of their excitation. Thus, being dependent on black hole parameters only, the QNMs provide us with the "fingerprints" of a black hole, feasible to be seen in the detection of gravitational waves (for reviews, see [1] ). In addition, the importance of the QN spectrum is not limited to the above observational aspects of gravitational waves phenomena. It proved out that in D-dimensional anti-de Sitter space-time, the QNMs of a black hole coincide with the poles of the temperature Green function of the (D − 1)-dimensional conformal field theory [2] , [3] , [4] (herewith, the temperature of the black hole corresponds to the temperature in the dual field theory within the linear response approach [5] ). This led to a new quantitative test of the AdS/CFT correspondence [6] . Along similar lines, support for evidence of the existene of a dS/CFT correspondence [7] were found in [8] , [9] . There is also suggestion that the asymptotic quasinormal modes of black holes are connected with the so-called Barbero-Immirzi parameter in Loop Quantum Gravity, which must be fixed to reproduce the Bekenstein-Hawking entropy formula within this theory [10] .
All this stimulated considerable interest to study the QNMs of black holes [11] . In particular the QNMs of the Dirac field for different black holes were considered in the papers [12] , [14] , [15] , [17] . Nevertheless, in these papers the study of the Dirac quasinormal modes were limited by lower overtones, even though different black hole backgrounds were considered. The low overtones were found for a Schwarzschild black hole in [14] , with the help of the thirdorder WKB method. Soon, it was extended to the case of Schwarzschild-de Sitter black hole [15] using the sixth-order WKB method [16] , and also to the case of the charged Dirac field in the background of a charged black hole [17] .
In the present paper, we are trying to cover this gap in the study of the Dirac QNMs and shall investigate the high overtone behavior of the Dirac perturbations of a Schwarzschild black hole. We observed that at high overtones the imaginary parts of QN spectrum are equidistant with spacing Im ω n+1 − Im ω n = i/8M . The low overtones can be reproduced with the help of the WKB method, with excellemt agreement. In addition, we have found the specific modes whith imaginary part i/8M for any multipole number. These modes are, apparently, algebraically special modes discussed, by Chandrasekhar [18] .
It is also shown that when increasing the overtone number n, the real part of ω approaches zero. By using the unmodified Fröbenius method, we were able to extend our calculations up to n = 2000 only. Therefore, it is possible that at higher n the QN behavior may be different. Nevertheless, we observed a quite stable picture of the QN behavior that seems not to be changed qualitatively at higher overtones.
The paper is organized as follows: in Sec. 2, we review the formulas concerning the Dirac perturbations of a Schwarzschild black hole background. Sec. 3 is devoted to details of Fröbenius technique used here. In Sec. 4, we discuss mod-erately high overtone behavior, including the above mentioned special modes. In Sec. 5, we study the asymptotically high overtone behavior. Finally, we do some concluding remarks.
2 Dirac perturbation of a Schwarzschild black hole: basic equations
The Dirac equation in an arbitrary curved background has the form [13] :
where m is the mass of the Dirac field, and e µ a is the tetrad field, defined by the metric g µν : 
and Γ µ is the spin connection [13] :
We will consider here a massless (m = 0) field propagating in the Schwarzschild background, whose metric is:
where M is the black hole mass. In this background (2), Eq.(1) leads to
This equation can be simplified by the following change
Φ .
Then we have
To separate variables we use the following ansatz:
where
Then the radial equations can be written as
where κ (+) and κ (−) are negative and positive integers respectively. Substituting one of the equations into the other, one can find equations with respect to the eigenvalues ω that have the same spectrum:
with W (±) (r) = κ (±) r f (r), and where we have used the tortoise coordinate, defined by dr
Thus, we are left with a Schrödinger-like wave equation
where the effective potential has the form
which vanishes at the both boundaries: V (r * = ±∞) = 0. The parameter µ is a positive integer that corresponds to the multipole number. Note that µ is just |κ ± | and κ ± and is connected with j and l in the formula (8) , so that µ = l + 1 for (+) case and µ = l for (-) case.
The continued fraction approach
Under the choice of the positive sign for the real part of ω (ω = ω Re − iω Im , ω Re > 0), QNMs satisfy the following boundary conditions
corresponding to purely in-going waves at the black hole event horizon and purely out-going waves at infinity. Thus, following Leaver [19] , we can choose
where u(r) has regular singularity at the event horizon and finite at r * −→ ∞. The appropriate Fröbenius series then is
where s satisfies the equation
From (15), one can find that
Substituting (13) and (14) in (11) we obtain the five-term recurrent relation a n c 0 (n, ω)+a n−1 c 1 (n, ω)+a n−2 c 2 (n, ω)+a n−3 c 3 (n, ω)+a n−4 c 4 (n, ω) = 0, (17) where
The Eq. (17) reduces to the four-term one
(n, ω) = 0, by the means of the Gaussian elimination:
and finally,by means of another Gaussian elimination, to the three-term one: a n+1 α n (ω) + a n β n (ω) + a n−1 γ n (ω) = 0, α n (ω) = c 0 (n + 1, ω); β n (ω) = c 1 (n + 1, ω), n < 2;
When ω is the quasinormal frequency, the ratio of the series coefficients is finite and can be found in two ways:
We are left with an implicit continued fraction equation for ω . Then the QNMs will be the roots of the inverted continued fraction above, that is,
that can be solved numerically as soon as α n (ω), β n (ω), γ n (w) are found.
The Nollert expansion
The convergence of the continued fraction in the right side of (18) becomes worse as the imaginary part of the frequency increases. To circumvent this problem, Nollert proposed to look for an asymptotic approximation for the continued fraction and use it as a starting approximation for the remaining part of the continued fraction (18) , at some large index N >> n [20] . He considered the relation (note that our designations are different from Nollert's ones, who used C 0 (N + 1) ≡ α N etc.):
assuming an expansion in powers of N −1/2 :
Note that among the considered fits, the fit in powers of N −1/2 is the best one, and, for example, the fit in powers of N −1 lead to growing coefficients under the higher terms of the series. If the analytic formulae for β N and γ N were known we would find the coefficients directly from (20) . But we know that
and we can start from (17) to find R N : We do not know the criterion to find its behavior at infinity. It can be, for example,
Thus, from the above reason it seems we are not able to use the Nollert expansion. That is why in spite of the slow convergence of the continued fractions in the unmodified Fröbenius method we had to be limited by it. This certainly requires much greater computing time to perform the computations.
Low overtones
The low overtones can be obtained either with the help of the Fröbenius method or applying the WKB formula at sixth-order [16] . The WKB approach can be applied if the overtone number n is less than the multipole number µ, while the numerical Fröbenius technique does not have this limitation. The first ten overtones we found for µ = 1, 2 are represented in the following tables: Let us remind that the potentials with opposite chirality produce the same spectrum [14] , [15] . That is why we shall consider only positive values of µ. In addition, we observed some "special modes" ω = 0.125 − 0.125i for µ = 1, 0.330719 − 0.125000, for µ = 2, etc. These "special modes" have imaginary part i/8 (in units where M = 1) for all multipoles µ. The dependence of the real part of ω for these special modes upon µ is shown on Fig's. 1 and ? ?. It can be seen that the real part of ω for these "special modes" approach equidistant dependence on µ , as µ is increasing:
When n is less than µ we can check our numerical results by the semi-analytic WKB formula up to the sixth-order [16] :
where V 0 is the height and V ′′ 0 is the second derivative with respect to the tortoise coordinate of the potential at the maximum. The corrections Λ 2 and Λ 3 can be found in [21] , whereas Λ 4 , Λ 5 and Λ 6 are presented in [16] ; these corrections depend on the value of the potential and higher derivatives of it at its maximum. Note that the WKB approach have been used recently when studying QNMs of different black hole (see for instance [22] and references therein). We see that the special mode 0.875000 − 0.125i cannot be reproduced by the WKB technique. From the above table it can be seen that the WKB formula at sixth order confirms the numerical results very well, except for those "special modes" which are apparently algebraically special modes, discussed by Chandrasekhar [18] , and are apparently not QNMs. It is challenging that the µ = 1 "special mode" equals exactly to (1/8)(1 − i). Analytical solution in this case can possibly be found.
High overtones
The main difference from what we know on the high damping regime for perturbations of fields of integer spin (scalar, gravitational, and electromagnetic) is that now the spacing in imaginary part is not i/4M , as it takes place for scalar, electromagnetic, and gravitational perturbations, but i/8M . The real part of ω (See Fig. 3 and Fig. 4 ) falls down quickly to tiny values which already cannot be found with reasonable accuracy by the Fröbenius method. This occurs already at about 400-500 overtones. We have checked that there are no modes with seeming real part at higher overtones, by computing higher than n = 500 mode, "jumping" with the step 100 overtones up until n = 2000.
Thus, as can be seen from Fig. 3 and 4 , µ = 1, 2 QNMs demonstrate the following asymptotic behavior:
The asymptotic QN behavior for higher µ is the same as to that for µ = 1, 2, yet to compute sufficiently high QNMs one by one for higher µ, is a time consuming procedure.
Summarizing all the above results we can conclude that at high overtones
no matter which the multipole number of the field is. Note that since we could not use the Nollert procedure here, the computing of the sufficiently high overtones took considerable computer time. That is the reason why we could not extend our computation to higher n. An important question is : which is the criteria that the above picture represents the true asymptotic regime n → ∞ ? Certainly, there is no mathematical definiteness here, since the falling of the real part to tiny values does not guaranty that at greater overtone number the real part will not grow. However such a sharp change in asymptotic behavior would look very exotic, after the stable monotonic decreasing we observed. After all, if there were modes with considerable real part at greater overtones, then it would possible to catch them with Fröbenius method, since the more the Imω/Reω ratio, the greater the length of the continued fraction we must compute.
Discussion
In this paper we tried to study the high overtones of the Dirac quasinormal spectrum for a Schwarzschild black hole. The behavior we observed is rather different from that for fields of integer spin. First, the spacing in imaginary part is two times less than that for integer spin fields. Second, while real part of ω for integer spin fields asymptotically approach a constant equal to log 3/8M π, the real part for Dirac perturbations goes to zero. Another amazing peculiarity is that the " special modes" have imaginary part equal to i/8M , no matter the value of the multipole number µ. All this apparently should have some analytical explanation. It is evident that the Dirac QNMs require further investigation with alternative numerical as well as analytical methods in order to clarify all the above peculiarities of the quasinormal behavior. We hope further investigations will add in obtaining a more complete understanding of the quasinormal behavior in question. Re w Figure 4 : Real part of ω as a function of imaginary part for µ = 2 multi-pole.
